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Abstract
Maru.si.c (Ann. Discrete Math. 27 (1985) 115) proved that all vertex-transitive graphs of
order pk are Cayley graphs for each prime p and k = 1; 2, or 3, and constructed a non-Cayley
vertex-transitive graph of order pk and valency 2p+2 for each prime p¿ 5 and k¿ 4. McKay
and Praeger (J. Austral. Math. Soc. (A) 56 (1994) 53) gave an alternative construction of a
non-Cayley vertex-transitive graph of order pk for each prime p¿ 3 and k¿ 4. In this paper
it is proved that, for each positive integer k and each prime p¿ 3, a vertex-transitive graph of
order pk with valency less than 2p + 2 is a Cayley graph. c© 2002 Elsevier Science B.V. All
rights reserved.
MSC: 05C25; 20B25
Keywords: Vertex-transitive graph; Cayley graph; Non-Cayley number
1. Introduction
Throughout this paper graphs are ?nite, simple and undirected. For a graph X , we
denote by V (X ); E(X ) and Aut(X ) its vertex set, its edge set and its automorphism
group, respectively. X is said to be vertex-transitive if the automorphism group Aut(X )
of X is transitive on V (X ). For group- and graph-theoretic terminology we refer the
reader to [2,4].
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Let G be a ?nite group and S a subset of G such that 1 ∈ S and S−1 = S. The
Cayley graph X = Cay(G; S) on G with respect to S is de?ned to have vertex set
V (X ) = G and edge set E(X ) = {(g; sg) | g∈G; s∈ S}.
In [5] Maru.si.c asked for a determination of the set NC of natural number n, that
is those numbers for which there exists a vertex-transitive graph on n vertices which
is not a Cayley graph. Surprisingly, every vertex-transitive graph of order pk; k6 3,
is a Cayley graph (see [6]). There a construction of non-Cayley graphs of order pk ,
where p is an odd prime and k¿ 4, was proposed. However, it transpires that this
construction only works for p¿ 3 (personal communication by the author). Later on
an alternative construction was given by McKay and Praeger in [12]. (Note that the
McKay’s list [11] of all vertex-transitive graphs of order up to 19 contains a non-Cayley
graph on 16 vertices, and since the set NC is closed under multiplication, all prime
powers 2k ; k¿ 4, are non-Cayley numbers.) The question of membership of NC has
been settled for all natural numbers which are not square-free (in view of the work
of McKay and Praeger [12,13]), and for all natural numbers which are products of
two distinct primes (drawing together work by Maru.si.c and Scapellato [7–9] and by
Praeger et al. [17,18,21]). More recently, an important contribution towards a complete
classi?cation of non-Cayley numbers of order a product of three distinct primes was
made in [15,3,20]. Using among others the list of all quasiprimitive groups of degree
a product of three distinct primes, produced in [10], Seress [20] managed to classify
all non-Cayley numbers of order a product of three distinct odd primes arising from
graphs with a quasiprimitive subgroup of automorphisms. As for possible classi?cation
of non-Cayley graphs arising from genuinely imprimitive constructions, the work is
still underway (see [3,20]).
In this paper, we propose to study the following re?nement of the above discussed
problem.
Problem 1.1. Given a non-Cayley number n; 9nd the smallest valency d(n) of all
non-Cayley graphs on n vertices.
Letting p be a prime congruent to 1(mod 4), we know that 2p∈NC. Clearly,
d(2p) = 3 in this case, as we can always ?nd a non-Cayley generalized Petersen
graph with the desired property [16,19]. Letting p; q be odd primes with q¡p, and
p congruent to 1(mod q2), we know that pq∈NC. In this case, we may easily deduce
that d(pq) = 4 by [1, Corollary 13]. The following result which, combined with the
aforementioned constructions for non-Cayley graphs of prime power order, settles the
odd prime power case is the main result of this paper.
Theorem 1.2. Let p be an odd prime and k a positive integer. Then a vertex-transitive
graph of order pk with valency less than 2p+ 2 is a Cayley graph.
2. Proof of Theorem 1.2
We start by stating three well known propositions, of which the ?rst has achieved a
sort of folklore status, whereas the other two are well known group-theoretic results.
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Proposition 2.1. A graph X is a Cayley graph on some group if and only if the
automorphism group Aut(X ) of X contains a regular subgroup.
Proposition 2.2 (Wielandt [22, Theorem 3.4]). Let G be a permutation group on 
and ∈. Let p be a prime number; pm a divisor of |G|; and P a Sylow p-subgroup
of G. Then pm is also a divisor of |P|.
Proposition 2.3 (Wielandt [22, Proposition 4.4]). Every transitive abelian group is
regular.
Let p be an odd prime and k a positive integer. Since a disconnected vertex-transitive
graph is a Cayley graph if and only if one of its components is a Cayley graph, from
now on we assume that X is a connected vertex-transitive graph of order pk with
valency less than 2p + 2. Let P be a Sylow p-subgroup of the automorphism group
Aut(X ) of X . By Proposition 2.2, P is transitive on V (X ). To prove Theorem 1.2, by
Proposition 2.1 it suOces to prove that P contains a regular subgroup.
Since X has odd order, its valency is even. This implies that X has valency 2p or
less than 2p. Theorem 1.2 follows from the next two lemmas.
Lemma 2.4. If X has valency less than 2p; then P is regular.
Proof. Let u∈V (X ) and denote by Pu the stabilizer of u in P. Since the valency of
X is even and less than 2p; Pu ?xes at least one vertex in the neighborhood N (u) of
u in X ; that is the set of vertices adjacent to u in X ; and so has at most one orbit
of length p on N (u) (we call it a p-orbit).
Suppose that Pu has a p-orbit on N (u), say . Let u1 ∈. By the transitivity of
P, there exists an ∈P such that u1 = u. If u ∈, then there exists a ∈Pu such
that (u) = u = u1. On the other hand u

1 = u
 = u. This implies that  has even
order, but it is not the case because |P| is odd. Thus u ∈  and since Pu has only
one p-orbit on N (u); Pu ?xes u. Consequently, Pu = Pu . Conjugating this equation
by −1, we have Pu = Pu−1 = Pu1 , contrary to the fact that  is a p-orbit of Pu.
Thus Pu has no p-orbit on N (u), forcing that Pu ?xes N (u) pointwise. By the
connectivity of X and the transitivity of P, it follows that Pu = 1, and hence P is
regular on V (X ).
Lemma 2.5. If X has valency 2p; then P contains a regular subgroup.
Proof. It suOces to prove that for any transitive p-subgroup P of the automorphism
group Aut(X ) of X; P contains a regular subgroup. We prove it by using induction on
k where |V (X )|= pk . For k = 1 it is obvious.
Let u∈V (X ). If Pu ?xes some vertex in the neighborhood N (u) of u in X then
it has at most one p-orbit on N (u), and by the proof of Lemma 2.4 P is regular.
Therefore, we assume that Pu has two p-orbits on N (u). Let N be a subgroup of order
p in Z(P). Denote by ={B0; B1; : : : ; Bpk−1−1} the set of orbits of N and consider the
corresponding quotient graph PX of X de?ned by V ( PX )= and E( PX )={(Bi; Bj)| there
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exist ui ∈Bi and uj ∈Bj such that (ui; uj)∈E(X )}. Since N/P; Bi (16 i6pk−1 − 1)
are imprimitive blocks of P. Let K be the kernel of the action of P on . Then N6K ,
implying that PX has valency at most 2p.
If PX has valency 2p then X and PX have same valency, forcing that the elements of
N (u) belong to diQerent blocks. Thus Ku, the stabilizer of u in K , ?xes the neighbor-
hood N (u) pointwise and by the connectivity of X , Ku=1. It follows that K=Ku ·N=N ,
which implies that P=N acts faithfully on V ( PX ). Since P=N is transitive on V ( PX ), the
inductive hypothesis shows that P=N contains a regular subgroup of Aut( PX ), say P1=N .
Clearly, P1 is transitive on V (X ) and since |P1|= |P1=N | · |N |= |V ( PX )| · p= |V (X )|,
P1 is a regular subgroup of P.
Thus we may assume that PX has valency less than 2p. Noting that Pu has two
p-orbits on N (u) for any u∈V (X ), we have 〈Bi〉 = Kcp for each i, where 〈Bi〉 is the
induced subgraph of Bi in X and Kcp is the totally disconnected graph on p vertices.
Let u0 ∈B0. Since X is of valency 2p and PX is of valency less than 2p, there exists
a block, say B1, such that u0 is adjacent to at least two vertices in B1, say u1 and
u′1. We claim that u1 and u
′
1 belong to one p-orbit of Pu0 on N (u0). Suppose to the
contrary that u1 and u′1 belong to diQerent p-orbits of Pu0 on N (u0). Since |B1| = p
and B1 is a block of P, u0 is adjacent to exactly two vertices in B1, that is u1 and u′1.
It follows that PX has valency p, contrary to the fact that |V ( PX )| is odd.
Now let u1 and u′1 belong to one p-orbit of Pu0 on N (u0). Then the induced subgraph
〈B0; B1〉 of B0 and B1 in X is isomorphic to Kp;p, the complete bipartite graph of
order 2p. By the transitivity of P, one can conclude that there exists an ∈P such
that u0 ∈B1. Clearly, B0 is a p-orbit of Pu0 on N (u0). If u
2
0 ∈B0, then there exists a
∈Pu0 such that (u
2
0 )
 = (u0)
 = u0, and since u

0 = (u

0)
 = u0;  has even order,
contrary to |P| being odd. Thus u20 ∈ B0 and we may assume that u
2
0 ∈B2. It follows
that 〈B1; B2〉=Kp;p. Repeating this argument, we may assume that Bi = Bi+1 for each
06 i6pk−1 − 1 (B0 =Bpk−1 ), and so 〈Bi; Bi+1〉=Kp;p. It is easy to see that X is the
lexicographic product of a cycle of length pk−1 with the graph Kcp. Clearly, 〈N; 〉 is
transitive on V (X ) and since N6Z(P), 〈N; 〉 is abelian. By Proposition 2.3, 〈N; 〉
is a regular subgroup of P, as required.
Remark. If p = 2; Theorem 1.2 is not true. With the use of computer; McKay and
Royle [14] found a 4-valent non-Cayley vertex-transitive graph of order 16.
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